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1
In this note, we wish to point out certain basic misconceptions and incorrect statements
made by Gu¨rses and Pekcan in their recent paper1 on the soliton solutions of space reflection
symmetric (S-symmetric) nonlocal nonlinear Schro¨dinger (NNLS) equation . Further, we
would like to re-emphasize that the soliton solutions for the reverse space NNLS equation
obtained by us in Ref. 2 is correct and more general (both PT -symmetry preserving/broken
cases). The solutions obtained by Gu¨rses and Pekcan turn out to be special cases of the
solutions obtained by us.
In Ref. 2, we have constructed one- and two-soliton solutions for the following PT -
symmetric reverse space NNLS equation introduced in Ref. 3,
iqt(x, t)− qxx(x, t)− 2q(x, t)q
∗(−x, t)q(x, t) = 0. (1)
To obtain general soliton solutions of the above equation through a nonstandard bilineariza-
tion procedure, we augmented the evolution equation for the nonlocal field q∗(−x, t) which
results from the AKNS scheme4 as
iq∗t (−x, t) + q
∗
xx(−x, t) + 2q
∗(−x, t)q(x, t)q∗(−x, t) = 0. (2)
In Eq. (1), the nonlocal nonlinearity emphasizes the fact that one of the dependent
variables is evaluated at −x while the other variable is evaluated at +x simultaneously.
This implies that the functions q(x, t) and q∗(−x, t) need not be dependent and they are two
independent fields in Eq. (1). Due to the above reasons, we treat the nonlinear Schro¨dinger
field q(x, t) and the nonlocal field q∗(−x, t) as two independent fields satisfying Eqs. (1) and
(2). Since one is considering the Cauchy initial value problem associated with (1) and (2),
it implies that one can specify q(x, 0) and q∗(−x, 0) independently and consequently they
evolve as the coupled system specified by Eqs. (1) and (2).
Ablowitz and Musslimani have shown that in Ref. 5 the above reverse space NNLS Eqs.
(1) and (2) posses the PT -symmetry property which has been discussed widely in the recent
literature6,7. The PT -symmetry property ensures that Eq. (1) (and Eq. (2) as well) is PT
invariant under the combined transformation of parity (P): x→ −x and time reversal (T ):
t → −t along with i → −i. Note that an evolution equation admitting certain symmetry
property does not imply that the resultant solution should also exhibit the same symmetry:
it may exhibit spontaneously broken symmetry property as well.
In this situation, if Eq. (1) admits a solution which obeys the PT -symmetry property,
that is PT
[
q(x, t)
]
= q∗(−x, t) ≡ [q(x, t)]∗|x→−x, then such a solution is called a PT -symmetry
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preserving solution. For example, the explicit one soliton solution obtained by Ablowitz and
Musslimani exhibits PT -symmetry3,4. Consequently, in this case the function q∗(−x, t) is
nothing but the one obtained from the function q(x, t) after taking complex conjugation and
a space inversion. We call this case as PT -symmetry preserving solution.
On the other hand, if the solution q(x, t) does not obey the above PT -symmetry prop-
erty of Eq. (1), PT
[
q(x, t)
]
6= q∗(−x, t), then we call such a solution as PT -symmetry
broken solution. In this case, the function q∗(−x, t) need not be parity transformed complex
conjugate of q(x, t). It turns out that Eqs. (1) and (2) admit both the above types of
solutions.
The above fact ensures that the solutions need not preserve the symmetry while the
original evolution equation (reverse space NNLS Eq. (1) and (2)) does. This is akin to
spontaneously symmetry breaking solutions, for example P-symmetry in x¨−ω20x+ λx
3 = 0
or PT -symmetry in x¨ + kxx˙ − ω20x +
k2
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x3 = 0 or their field versions, see Ref. 8. Note
that these equations also admit both symmetry preserving and breaking solutions. In view
of the above said reasons, to explore symmetry preserving and non-preserving solutions, it
is very much essential to consider the fields q(x, t) and q∗(−x, t) as two independent fields.
Once their explicit forms are obtained one can categorize them by imposing or excluding
the relation
q∗(−x, t) = [q(x, t)]∗|x→−x . (3)
Note that Eq. (3) is an extra requirement not demanded by the Cauchy initial value problem
of Eqs. (1) and (2), and so it is not required in general. The situation is similar to a simple
time delay equation dx
dt
= −bx + af(x(t − τ)), where a, b and τ are constants and f is a
nonlinear function. Then the solution x(t− τ) is not merely x(t) evaluated at t = t− τ but
is much more complicated and chaotic9 and the initial conditions have to be specified on a
line −τ ≤ t ≤ 0 and each value of x(t) in this interval evolves independently.
Considering all the above facts, we have constructed general soliton solutions of reverse
space NNLS Eq. (1) by solving the later equation along with Eq. (2) simultaneously through
a nonstandard bilinearization procedure2. We have constructed the one-soliton solution of
3
Eq. (1) (and (2)) in the form,
q(x, t) =
α1e
ξ¯1 + eξ1+2ξ¯1+δ11
1 + eξ1+ξ¯1+δ1 + e2(ξ1+ξ¯1)+R
≡
α1e
ξ¯1
1 + eξ1+ξ¯1+∆
, e∆ =
−α1β1
(k1 + k¯1)2
,
q∗(−x, t) =
β1e
ξ1 + e2ξ1+ξ¯1+∆11
1 + eξ1+ξ¯1+δ1 + e2(ξ1+ξ¯1)+R
≡
β1e
ξ1
1 + eξ1+ξ¯1+∆
, (4)
and then the two soliton solution. Here, ξ1 = ik1x − ik
2
1t + ξ
(0)
1 and ξ¯1 = ik¯1x + ik¯
2
1t +
ξ¯
(0)
1 . In the above solution, all the parameters, namely α1, β1, k1, k¯1, ξ
(0)
1 and ξ¯
(0)
1 are
arbitrary complex constants and in general there exists no relation between them. From
the above solution, one can immediately observe that the functions q(x, t) and q∗(−x, t) are
independent and they satisfy both the Eqs. (1) and (2) without any restriction among the
parameters. The soliton solution given above in (4) is in general a PT -symmetry broken
solution, except for special choices of parameters as indicated below. In the general case,
the soliton parameters present in the solution (4) are not related to each other and they in
general do not obey the constraint equation (109) given in Ref. 1. We have also deduced
the PT -symmetry preserving solution, that is
q(x, t) = −
2(η1 + η¯1)e
iθ¯1e−4iη¯1
2te−2η¯1x
1 + ei(θ1+θ¯1)e4i(η
2
1−η¯1
2)te−2(η1+η¯1)x
, (5a)
q∗(−x, t) = −
2(η1 + η¯1)e
iθ1e4iη
2
1te−2η1x
1 + ei(θ1+θ¯1)e4i(η
2
1−η¯1
2)te−2(η1+η¯1)x
, (5b)
from our one soliton solution (4) for the following parametric choices, namely k1 = i2η1,
k¯1 = i2η¯1, α1 = −2(η1 + η¯1)e
iθ¯1 and β1 = −2(η1 + η¯1)e
iθ1 (where η1, η¯1, θ1 and θ¯1, are all
real). The above solution coincides with the one given in Ref. 3.
In Ref. 1, the authors incorrectly claim that the more general soliton solutions obtained
by us do not satisfy the S-symmetric equation (106) of their paper, which is same as Eq.
(1) given above. We point out here that our general soliton solution (4) indeed satisfies the
S-symmetric equation (106). We deduce the functions q(x, t) and q∗(−x, t) from (4) for the
non-singular soliton corresponding to Fig. 1 of our paper in Ref. 2, by fixing the parameters
as k1 = 0.4 + i, k¯1 = −0.4 + i, α1 = 1 + i, β1 = 1− i, ξ
(0)
1 = ξ¯
(0)
1 = 0, that is
q(x, t) =
(1 + i)e−(1+
2i
5
)x+( 4
5
− 21i
25
)t
1 + 1
2
e−2x+
8
5
t
, q∗(−x, t) =
(1− i)e(−1+
2i
5
)x+( 4
5
+ 21i
25
)t
1 + 1
2
e−2x+
8
5
t
. (6)
One can easily check that the above functions do satisfy the S-symmetric equation (106)
given in Ref. 1 as well as each of Eqs. (1) and (2) of the present paper. This ensures that
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the parameters chosen by us in Ref. 2 for demonstrating the non-singualar one-soliton of
reverse space NNLS Eq. (1) is valid and correct one.
We also point out that Gu¨rses and Pekcan in Ref. 1 wrongly calculated the functions
q(x, t) and q∗(−x, t) from our general soliton solution (4) for the parametric choice k1 =
0.4 + i, k¯1 = −0.4 + i, α1 = 1 + i, β1 = 1− i, e
ξ
(0)
1 = −1 + i and eξ¯
(0)
1 = 1 + i as
q(x, t) =
(2i)e−(1+
2i
5
)x+( 4
5
− 21i
25
)t
1− e−2x+
8
5
t
, q∗(−x, t) =
(−2i)e(1−
2i
5
)x+( 4
5
+ 21i
25
)t
1− e2x+
8
5
t
. (7)
However, the correct forms of q(x, t) and q∗(−x, t) deduced from (4) for the above parametric
choice are
q(x, t) =
(2i)e−(1+
2i
5
)x+( 4
5
− 21i
25
)t
1− e−2x+
8
5
t
, q∗(−x, t) =
(2i)e(−1+
2i
5
)x+( 4
5
+ 21i
25
)t
1− e−2x+
8
5
t
. (8)
It is evident that the wrong expressions given for the functions q(x, t) and q∗(−x, t)
obviously do not satisfy the S-symmetric equation (106) given in Ref. 1, while our correct
expressions (8) given above do indeed satisfy it as well as Eqs. (1) and (2) of the present
paper. These authors also claim that the parameters in our one and two general soliton
solutions should obey the constraint equations (109) and (119) given in Ref. 1 which is
obtained by imposing the relation (3). As pointed out above the PT -symmetry broken one
and two solutions of the reverse space NNLS Eq. (1) need not obey the constraint equations
(109) and (119) given in Ref. 1.
Finally, if one demands the condition (3), for instance for the one soliton solution the
parameters have to be constrained as α∗1 = β1, k1 = k¯
∗
1 and ξ
(0)
1 = ξ¯
(0)∗
1 which corresponds to
the PT -symmetry unbroken case which are satisfied by Eq. (106) of Ref. 2 or Eqs. (1) and
(2) given above. For example, we deduce the functions q(x, t) and q∗(−x, t) for k1 = 0.4+ i,
k¯1 = 0.4 − i, α1 = 1 + i, β1 = 1 − i, ξ
(0)
1 = 0 and ξ¯
(0)
1 = 0 from (4) in which the complex
parameters obey the constraint Eq. (109) of Ref. 2 as
q(x, t) =
(1 + i)e(1+
2i
5
)x+( 4
5
− 21i
25
)t
1− 25
8
e
4i
5
x+ 8
5
t
, q∗(−x, t) =
(1− i)e(−1+
2i
5
)x+( 4
5
+ 21i
25
)t
1− 25
8
e
4i
5
x+ 8
5
t
. (9)
The above functions also satisfy the S-symmetric NNLS equation (106) of Ref. 1 as well
as Eqs. (1) and (2) given in the present paper. We also note that the above solution (9)
becomes singular at x = 5
2
npi and t = 5
8
ln 8
25
, n is an integer, which is a generic property of
the above type of reverse space NNLS equation, as pointed out by Ablowitz and Musslimani5.
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Thus, to bring out both PT -symmetry broken and unbroken soliton solutions of reverse
space NNLS equation, one has to consider both Eqs. (1) and (2) simultaneously. The PT -
symmetry broken solution obtained by us need not satisfy the constraint equation (109)
given in the recent paper of Gu¨rses and Pekcan2. Consequently the parameters considered
to demonstrate one- and two-soliton solutions in our paper Ref. 2 are valid ones and they
need not obey the constraint Eqs.(109) and (119) of Ref. 1 in general.
ACKNOWLEDGEMENTS
The work of MS forms part of a research project sponsored by DST-SERB, Government
of India under the Grant No. EMR/2016/001818. The research work of ML is supported
by a DST-SERB Distinguished Fellowship (ERB/F/6717/2017-18) and forms part of the
DAE-NBHM research project (2/48 (5)/2015/NBHM (R.P.)/R&D-II/14127).
REFERENCES
1M. Gu¨rses and A. Pekcan, J. Math. Phys 59, 051501 (2018)
2S. Stalin, M. Senthilvelan and M. Lakshmanan, Phys. Lett. A (2017) 381 2380
3M. J. Ablowitz and Z. H. Musslimani, Phys. Rev. Lett. (2013) 110 064105
4M. J. Ablowitz, D. J. Kaup, A. C. Newell, and H. Segur, Phys. Rev. Lett. (1973) 30 1262
5M. J. Ablowitz and Z. H. Musslimani, Nonlinearity (2016) 29 915
6S. V. Suchkov, A. A. Sukhorukov, J. Huang, S. V. Dmitriev, C. Lee and Y. S. Kivshar,
Laser Photonics Rev. 10 177 (2016)
7V. V. Konotop, J. Yang and D. A. Zezyulin, Rev. of Mod. Phys. 88 035002 (2016)
8S. Karthiga, V. K. Chandrasekar, M. Senthilvelan and M. Lakshmanan Phys. Rev. A 2016
93 012102.
9, M. Lakshmanan and D. V. Senthilkumar Dynamics of Nonlinear Time-Delay Systems
(Springer, Berlin) (2010)
6
